ME301 THEORY OF MACHINES 1- MECHANISMS

© ERES



Some Important Remarks for the Exam:

1. Usea, b,,..., a;, B;, ... for the fixed link dimensions and angles respectively. |
must refer to the link number on which that length or angle is to be
measured. These angles or lengths have positive values only.

2. Use 0, for a variable angle that shows the angular position of link j with
respect to a reference frame on link 1. Link 1 is always considered as the
fixed link (or the refence link about which the motion of all the other links
are to be measured). This angle must be a directed angle and must be
considered posive when measured CCW.

3. You can use ¢,y.&,... For intermediate variable angles that you may need
during computation and s,u,t...for intermediate variable lengths.

4. Use A,B,C, ... For moving revolute joint axes. Do not use index. If you use
index i, then i must refer to the link number where that point is located. Use
subscript O for the fixed revolute joint axes: A,, B, etc. If you have a point A
then A, must be the center of the circle described by A.

5. When writing a complex number in polar form, simplify when you have an
angle n/2 multiples.

1(0+712) s iei9 1(0-712) pm _ieiH ei(6?+7r) mEann 1 1(0+37/2) — 12

€ , € e ,€ e, etc
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Types of Plane Motion:
1. Translation of a rigid body
2. Rotation about a fixed axis

3. General Plane Motion

1. Translation

The velocity and acceleration of every point on the rigid body will be
equal at each instant if the rigid body is in a translation.
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2. Rotation about a fixed axis

Vi =X Iy

r,=r,e"

Vpy=ir, oe®

do
— =
dt

Points move on concentric circular arcs. (Center at O)

. Velocity of a point is perpendicular to the line joining that point

with the center of rotation.

. Velocity magnitude is proportional to the distance from that point

to the center of rotation (times the angular velocity of the rigid
body)
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2. Rotation about a fixed axis (Continued)

dv, | d gy
a, = il dt\ere )
= itjl—(’)rAeie — ro’e"
dt do d%0
o = =
dt dt’?

a,=lar,e’ —ro’e"

a, =a, +ay
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. The velocity of every point is equal to the distance from that point to

the axis of rotation times the angular velocity of the rigid body. The
velocity vector is perpendicular to the line connecting the point to
the axis of rotation and in the sense of angular velocity.

The normal acceleration of every point is equal to the distance
from that point to the axis of rotation times the square of the angular
velocity. The normal acceleration is always towards the axis of
rotation along the line joining the point to the axis of rotation.

. Tangential acceleration of every point is equal to the distance from

that point to the axis of rotation times the angular acceleration of the
rigid body. The tangential acceleration vector is perpendicular to
the line connecting the point to the axis of rotation and in the sense
of angular acceleration.

. The acceleration of a point on the rigid body is the vectorial sum of

the tangential and normal acceleration components.
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3. General Plane Motion

!

Can be separated into two motions:
1. Atranslation from AB to A'B” (motion of A)

2. Aratation about point A’ (relative motion wr to A)
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Arg= Ar, +Arga
“ br, Vg= Vit Vs
Va/a=0X Ig)a
g rgn=AB =Tg-Thp

Vg4 IS the relative velocity

Vg and V, are absolute velocities
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In Complex numbers:
rg =r, +be"

Differentiate:
Vg =V, +iboe'*

Vg/a = iboei Relative

velocity
Vg=Vat Vga
Second Derivative:
a, = a, +ibael —bm2ei at =iboei Tangential relative acceleration
B component
t n .
ag=a,+ Apga + Ag/p n — _pe2aip NOrmal relative
a = —-bw’e !
B/A acceleration component
t n
= +
Aga= Ag/a T Ap/a
9
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rg, =ae" +se'®*?
3

Vg, =iame"” +iswe'"? +se'"P

vy, =io(a+se®)e” +se'™P

3

a+se® =bhe"
V. =iobe'®" +se'™P)

Vig3= Vg, +Viap

10
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Veloeity of B,
Y, z =h m et

A /

Relative velocity of B,

with respectto link 2

¢

778

Veloeity of B,

11
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iv

Akl i Vg, =iane"” +iswe' " 45!
A 8

a, =iace” —an’e” +isae""™” +iswe'"" —sw’e'? + 5’ 4 is@e'*P
JEersasy iB .6 2y BYAID | i ~i(04B) | o Ai(64P)
ag =ia(a+se”)e” —o"(a+se™)e” +2iswe™™" +se
a+se’” =be"
ag =iabe'"" —’he'™" + 2iswe' P 4+ 5!

1L t n C t
dg, =ap +ap +ag , +ap i
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Acceleration of B, Acceleration of B,
‘ I8 +7) relative to link?2
ap=iboe

li}; “\

Aceeleration of B 3

13
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VELOCITY AND ACCELERATION ANALYSIS OF MECHANISMS
Example: Slider-Crank Mechanism

%
‘<1: f\/gi‘&hz a

‘Q{J ieth %13 ;
A g ‘7@“ >

JLLLNG LY
X

The loop closure and its complex conjugate : Si4+ ia,l + ase"913 £ (;129"912
s, —ia, +a,e”' =a,e”®
Velqcity loop eq.uation and.its comple_x | S iagmlgeiels = iazmlzeielz
conjugate (obtained by taking the derivative
of the loop equation wr to time): S, |a3a)13e“913 = —ia,w,e
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Velocity Polyzon

18
T =laa ‘12
Va —m:wl_,‘:‘l

= i913 L - i912
Sio+Hlaim. e —la,m,6
Vgt Vg =V,
ik $  =ia.m.e"2 —ja.m, e
14 = 1d,0y, 313
Vg=V, + Vg

a L I 19,5
Vgia= - Vag= — IaBE

15
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Analytical Solution:

Ih

If the position analysis is performed for a given 0, , 0,5 IS known and o, is given
- i0 i0 . !
Siq T1a;0,€ 7" =1a,0,,8™" Two complex equations in two
$,, —la,0,6 "% =—ia,w e % unknowns (0,3 and §, )
16; I 16;3
1a,w,,€ 1a,e
- _9 H T T T
Iaza)lze |0]_2 _Ia3e 1013 a2a3 (e|(912 913) _e |(912 013))
"4 = I 1013 i I 1015 —i0;3 @
1 ia.e —la,(e™ +e ™)
: —i913
| 1 —lase
RsisEE sin(0,, —0,3) i
14 2 12
cos(6,,)
1 ia,m,e"
- _'e . - .
1 —iamp,e™ | —da, (e +e '912)CO _ 2, 0086y,
PBTT jaets  —ia, (e +e =) ¥ a3 cosf, -
l1a,€ 3 3 13

1 —iae™

16
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L X - |613 o 1 i612
Velocity Loop Equation 814 + 12,0 ;;3€ = la,m ,€

Acceleration loop equation is obtained by taking the derivative of the velocity loop
equation wr. to time.

S;, +1a,005€ ad,m .6 " =1a,0,,€ d,0,,€
And its complex conjugeate ; i i : o
e o1 o3 Ty YT —1913
d, +td,g +ayg =a, +a,
B A/B AB — YA A
The acceleration loop equations are linear in terms of the acceleration
variables (o;,, 03 and Sq4)
(8,0, €06, — 8,0}, sin 6, + 8,007, sin 6, )
a., =
it a, cosé,,
iR - 2 : 2
S =—a,0,,SIN0,, —a,m;, C0SO,, +a,a,,SIN0,, +a,m;;,C0S0,,
17
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Or:

~a, cosd,
W3 = p Wy,
a, Cosd,,
Differentiate:
_8 1 050, cose 0,,5in 6,02 +cos0,, Sin O ]
oLy = ——|c0s0,, C0S0,,01,, — €050, 5iNO,, 07, +€0S0,, SiN 0,0,
a, CoS” 0,
18
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ﬂB\

Aveelention Polygon

19
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y Veloeity polvgon 4

Velocity and acceleration of a coupler point C can only be solved after the
solution of loop equations (disp,velocity and acc. Loop eguations)

r =s, +ia +be'" %7
PR : 1(G3—73)
VC T S14 I |b30)13e Ve=Vg+Vep

éc — 514_|_ ibBalsei(913_7/3) T b30)123ei(013_73) aC = aB + atC/B + anC/B

20
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Four-Bar Mechanism

A

The loop closure equation and its
complex conjugate

144:

10 10 10
a,e™ +a,e"™ =a, +a,e"™

—i0 —i0 —i0
a,e " +a.e " =a, +a,e "™

The first derivative of the loop
closure equation (velocity loop
equation)

ia,0,e'"™ +ia,m,e" =ia,n,e

—i6y,

or
0, i0 - : T
" I’6l4a)14€I ¥ =-la,m,,€ Two linear equations in two

A unknowns ®,; and ®,,.

—ia,w.e”'" +ia,w,e™ = +ia,m,e 7%

21
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—-a,0,e" —a,e"™
= i _a20)12€_lelz _ase_'em i a2a4(ei(912—914) _e—i(912—914))
13 asei613 ] a4ei614 a3a4 (ei(914—913) 4+ e—i(914—913))
ae’s g e
_ 3, 8In(0,, —0y,)
13 - 12
a; sin(0,, —96;;)
ase_iels _azmlze_ielz a a (e'(elz—em) e_i(912_613))
W = : .
14 a3€|613 _a4e|614 a a (e'(914 013) +e —i(04- 913))
ae's —ae"s
_ 9, SIn(OlZ _913)
Wy =

a, sin(914 _913) i

P

22
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Displacement and velocity of coupler point C
= 10 1(6,+a
rC am aze 12 1 bSe (Gi3+a3)

[ [
—

V.= V. el A

D
V. = [xwycj

y =tan"(x, Y,)

i(63+a3)

V. = Xc+ Y, =ia,m,e'™ +ib,w,e
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Acceleration Analysis:

NAarinratnra f +lh~ \lnl A~h f\v'\ nﬂl 1t v-\ Inv nnnnn r\+:\ i~ ~F tha lAaAan
perivatve 01 tne veioCi Ly UM Syuatuvull (Vi C SCTULUI |U UCl LUve Ul UiIc 1ivup
equation w.r to time gives us acceleration Ioop equation.
ia,0,,e" —a,0%e" +ia,a,e" —a,0%e" =ia,a,e"™ —a,0%e
—i0y, '913 2

: —i0 2 : —i0 . —i0 -0

ameENERRS;AREREAAAR! EESESEEEERRE (AASREEAAS:
a' +aj +ag, +ap . =ag+ag

i0 i0 : i 2 Li0 2 Li0 2 ,i0
a0, +ia,o,e ™ =—ia,0,e 2 +a,m,6 2 +a,0, " —a,0,,e"
Two linear equations in terms of two acceleration variables Ol 3,
Ol13 (as unknown).
24
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1 a a a .
Oy = Sin(e.. 913){32 @7, oS0, —614)—icof4 +ia12 sin(6,, —0,,) + @7, cos(6,, —914)}
and
14 - 1 1 1 1 1 1 1 14 1
sin(6,, —0,)| a, a, ;i a,

Acceleration of point C (second derivative of the position vector or the derivative of the
velocity vector)

S 2 .0 - i0 2 i(Gatas) | : i(Ga+as)
a. =—a,w,e ™ +ia,0,,6 ™2 —b,o,e "™ +iba " "

a., =—a,w, Cosb, —a,a,sinb, —bw’ cos(d, +a,)—b,a,sin(f, +a,)

2 2 qi
ac, = —8,0, SiNG,, +a,a,, COS O, —,wf Sin(0,, + ;) + 1,0, COS(6,, + ;)

25
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V s43

Config=+1

Alfa = g,

i6, i0 i(04+5,)
a,e"™ =a,+a,e"™ +5,,e"

Config=-1

z 6, = 10,4 z 1(64+5,) . 1(64+5,)
1a,0,€ ™~ =1a,0,8 " +15,,0,,€ + 5456 Velocity Variables: @,, $,3, @,

i, (a, +5,7)e" =ia,m,e'™ —§,e %W

a,+5s,,” =h,e”

ib,m,e' %) =ia,we% —§,e" %

T TR TR 7 For graphical solution, have one unknown
VA4 T VA3 T VAZ +VA3,2 on each side of the equation.

For analytical solution, unknown velocity
variables must be on one side of the
equation

26
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i, (3, +5,7)e™ +§,.6% M =ja,wm,e% v

_iw14 (8.4 + 843e—iﬂ4)e—i6’14 + S~4se—i(014+ﬂ4) H —iaza)lze“eﬂ
|(a4 + S43eiﬂ4 )ei914 ei(l914+ﬁ4) @, T iazeielz =
' Ay 5 || A e 12
_|(a4 +S436 Iﬂ4)e 164 e 1O +P54) 543 _laze 16,

i(a, +5,.e%)e% @) REEERmEEES
A= .( KEEEEL _m) | = 18487 s, +iae” +is,,
_|(a4+S43e 4)e 14 e 147 P4

A=ia,(e” +e ) +2is,, = 2i(cos B, +5,3)

T (012 iazeielz ei('914+ﬂ4)

Wy = A
T 2ia.2a)12 COS(914 +184 T 812)
ha =
A
_a,c08(6,+B,-6,) s
= ¥,
a, CoS B, +S,,

. |a.26012 [e—i(914+ﬂ4—912) +ei(914+ﬂ4—912):|
A

_iaze_i‘glz e_i(914+ﬂ4)

14

16, i6,,

@, | (8, +s,8")e
—i(a, +s,.6"*)e

iae

—i6, -6,

—ia,e

> Config=+1
onrig=+
(\/\ g
\

Config=-1

. _ DT o pi-6) {6+ Bi=612) ~i(64=6) ~i(tha+Pa=r)
Sip = — 5[ 32T + 2,58 g T —a s e 12]

m 8,8, Sin(914 _‘912) 8,5 Sin(914 +ﬂ4 _‘912) )
a,cos B, +,, 2

43

27
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Acceleration Analysis vV . Config=+1

Acceleration .
Variables: vy 543 Gy

or:
i, (8, +5,67)e™ — 0 (a, + 5,67 )e"™ +5,,6" %) 1 2i, 8, .M —ia,a,e' —a,0’e"™
=t ~ =t = =t ~
a = a" 5 a T o imEAF MmEmmE="amEaz: AK
A A A3/4 A3/ 4 A A
or
; 184\ aits 2 1B \alts _ 16} 2 010, & Al(Ou+By) ; 2 Al (O thy)
Iy, (8, +5,67)e™ —w’ (8, 5,67 )e™ =la,0,e™ —a,0"e™ —§,.e —2iw,,S,,€
=t = =t = =t =
a + a" = a + a" + a + a°
A A A la%) A3 A3

28
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V Config=+1

Unknown acceleration variables can be determined:

1. By drawing the vector polygon. (first draw the vectors whose both
magnitude and direction are known. Leave two vectors whose
direction are known but the magnitudes unknown on each side of

the equation. Draw the vector directions. The intersection of these
lines will define the solution.

2. By writing the acceleration loop equation and its complex conjugate
and then solving two linear equations in 2 unknowns.

3. By Differentiating the equations obtained for velocity.

_3,c08(0, + 5, —6,,) 0
a,cosf,+S,;

14

o = & C05(6’14 +:B4 _912) oo+ & sin(6?14 +ﬂ4 _912)(0)14 = 0)12)(3-4 COSﬂ4 + S43) — S48, C05(6’14 +ﬁ4 + 912) w,
= a,c08 8, +S,;; - (8,€08 B, +543)* &
- aria Sin(914 _‘912) T35, sin(914 +:B4 _‘912) @
+ a, C0S f3, + S5 ¥
&= 3,8, Sin(914 _‘912) 8,5, sin(614 +:B4 _‘912) .
43 — 12
a,Cos f, +5,,

+ [8.27:14 C03(914 T 912)((014 ] a)lz) +a,5,3 COS(HM + ﬂ4 T 912)((014 T a)lz) + 82343 Sin(914 + ﬂ4 ] 012)] (a4 cos ﬂ4 + S43) T 5‘43 [a2a4 Sin(eu T 612) +a,5,3 Sin(gu + ﬂ4 T 012)]
(a,c08 8, +5,5)’

29
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Zzzz7772

£

1 | O

vz

=

wm
ey
N

}

Position Analysis

1. ByA=s=1b+(5, +8,-8)’
2. g=tan[-by,(s,+a,-a)]

3. s, = /Sz_a42

4. y=cos™ [&}
s
914 = ¢ 4
e =il +2,) +ae

o1

L =i(s, +8,) - lae™
6. x.=+a,8ing,
l. Yo =8,+a,—a,C050,

bl

30
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bl
Solving the velocity loop equation and its complex conjugate for o;, and S,3:

Loop closure Equation:

i(slz + az) in b1+ia1+a4e“914 + 543ei(914+7r/2)
or
i(sl2 +a, — al) = b1+a4e‘914 + is43e‘6’14
Velocity loop Equation:
is, = +ia,m,'" —s,,0,6™ +i$,e"™
or
- . - i .| e ia
|512 = +|a)14e 14 (a4 + |S43) + |S43e 14
Vs = Vo™ Vi + Vs

i(a, +is,,)e™  ie™ .
Sui|nE - S i, | = 2184
—i(a, —is, )™ —ie"%
] . URT?) L B
i e - - in
o, _Sp : P ?12 [e—|914 _eu914] __S (64) S,
Al-i —ie™|  2Is, Su3
8| i(a, +is)e® i s INEEEE IEEEEEE $ : EEEEEEREERES =
§ HE DT P AR =12 | (g, +is,,)e'™ —(a, —is,.)e"% | =—2—| a, ('™ —e %) +is,, (e'% + e 7'%
0= e s e i Zis LG HiS)e — @ misgle™ = ) +isi( )]
Sy = —2 [2|a43|n(6?14)+2|s43cos(914)]:{—4S|n(914)+cos(6?14)}12
43 43
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Acceleration loop Equation:

is, = +ia,0,6" —a,0),e —s,.a,6'% —is, 058" —$,,0,6" +i5,,'% —$,,0,6"%
or

is, =io 6% (a, +is,,) - &}, (a, +is,;) — 28,0, +i8,,e"%

3 —3 = At =N =C =t

Qs =8, = a # a, T Ay T Apgy

Solving the acceleration loop equation and its complex conjugate for a,, and S,;

: : i9 s A6
_| 1@, +is,)e™ aglEg] FEE T Note that the discriminant D is the same as in the velocity analysis
—i(a, —is,)e " —je =
2 A6, . X i9, HpN T
is, +wie'® (a, +is,,) + 28 coeu] jgits I Eap a

i :i [ 5, + @, (8, 3) 43014 :Si[ei% —eigl“] L 2iw],a, H 4is,m,,

All-is, + ofe ™ (8, —is,) + 28 g ™ | —ie | 2sg 218, 2I8,

sing, . .a, , 25,0,
Gy =~ Spt—@y - —
Sy3 Sy3 Sy3
: i« \alf L H : : i9
R i(a, +is)e™ |08, +ofe™ (a, +is,) + 28,06 |
43 A - - —i ..
—i(a, —is,;)e " |:—I812 + w8 (a, —iS,) + 28,08 '914]

3 §12 i6, —i6 i6, —i6, 124 4|a. S 36014
S =] 8, (€% —e7%) +is, (€% —e 14)}+ 2i(a2 +52) + —24374

2 43 2 43 IS43

= 2 3
. S . ), 2a,$,,0,
S;3 =—2[a,sinG, +5,,€056, |+ (a; +55,) + ——E14

32
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Or, differentiating the velocities:

. sing,, .
Wy =~ — O
Sy3
dw siné, S ]
T 14 — 14 & 12 .
&y = 9 12 —2[—843a)14cos ‘914 H S435"”“914]
dt Su3 S

34

. a, . .
Sz = {—sm 9 +cos€l4} S
S43

e BEEEEEERIR . .
$3= {—smé’lﬁcosé’m}s12 +S, 5—2(5436014C03914 ~$,,8In6,) - w,SInG,,

S43 43

Position, Velocity and Acceleration of point C

L =i(5,+2,) + 2 2 i(s, +a,) —iae
Vo =18, +a,m,,e"™

Vex = 8304 COS O,

Vey = S, + 8,0, 8IN G,
d. = i85, + a,a,,' % +ia,w’e™
ac =15, + LA

2 -
Qcy = 8y, COS O, —A,@° SING,
bs - 2

e, =S, + a2, SIN0, +a,0., COSO,

33
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